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In our previous work [N. Gu¨rlebeck, M. Scholtz, Phys. Rev. D 95 064010 (2017)], we have shown
that electric and magnetic fields are expelled from the horizons of extremal, stationary and axially
symmetric uncharged black holes; this is called theMeissner effect for black holes. Here, we general-
ize this result in several directions. First, we allow that the black hole carries charge, which requires
a generalization of the definition of the Meissner effect. Next, we introduce the notion of almost
isolated horizons, which is weaker than the usual notion of isolated horizons, since the geometry of
the former is not necessarily completely time-independent. Moreover, we allow the horizon to be
pierced by strings, thereby violating the usual assumption on the spherical topology made in the
definition of the weakly isolated horizon. Finally, we spell out in detail all assumptions entering the
proof and show that the Meissner effect is an inherent property of black holes even in full non-linear
theory.
PACS numbers: 04.70.Bw; 04.20.Cv; 98.62.Nx; 95.30.Sf;
I. INTRODUCTION
The Meissner effect of black holes describes their prop-
erty to expel any exterior magnetic field in case the black
holes become extremal. This was discovered in [1–3] and
was since then discussed for electromagnetic test fields
[4, 5] and particular classes of black holes surrounded by
a strong magnetic field [6–10].
In the recent paper [11], we proved that the Meiss-
ner effect holds even for generic uncharged black holes
in equilibrium that are distorted by exterior matter and
electromagnetic fields. This implies that the expulsion of
the electromagnetic field is not due to the specific geome-
tries like the Kerr geometry investigated so far. Still, its
physical origin is not entirely understood. Therefore, the
current paper serves two purposes: First, we will show
that charged black holes exhibit the Meissner effect for
strong electromagnetic fields as well, which will include
all previous results. Second, we will relax as many as-
sumptions as possible to still be able to prove the result
to identify the physically necessary ones.
In order to understand the conceptual problems re-
lated to the first task, it is instructive to discuss first
the classical example of superconductors in external mag-
netic fields, which lends its name to this property of black
holes.
Let a neutral superconducting sphere that is above its
critical temperature Tc be embedded in a magnetic field.
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When cooling it below Tc, the magnetic field is expelled.
The behavior of uncharged black holes is analogous to
this standard case. Now, consider a superconducting
sphere at a temperature above Tc that carries some net
charge, say, because it is doted with ions. If that sphere
rotates it generates itself already a magnetic field that
penetrates its surface. If we apply now an external field
and cool the superconductor below its critical tempera-
ture, the external field will still be expelled. However, the
magnetic field produced by the moving interior charges
causes still a non-vanishing magnetic flux across its sur-
face. Hence, the Meissner effect does not predict that
the total magnetic flux vanishes but only that the flux
caused by external fields vanishes.
Similarly, consider the Kerr-Newman metric, which
has an electric charge QE. Due to its rotation with re-
spect to inertial observers at infinity, it also exhibits a
magnetic field penetrating the horizon. This would be
additional to any other magnetic test fields generated by
external sources. Clearly, also here the Meissner effect
discussed in [4] can only make a statement about the
flux caused by the external matter.
In the test field approach, both contributions to the
magnetic flux, the one from the black hole and the one
from the test field, can be trivially disentangled and the
Meissner effect can be formulated for the test field alone,
see, e.g. [4]. However, for strong magnetic fields this
disentanglement is more involved because of the non-
linearity of the theory. Thus, it is not obvious, which
part of the flux needs to vanish. Technically, this means
that in our proof in [11] the argument that the vanishing
charge of the horizon implies that the integration con-
stants and consequently the fields vanish, does not apply
2anymore. But as described above, it should not be ex-
pected that the total magnetic flux is vanishing. It should
rather be understood that the magnetic field penetrating
an extremal horizon does solely depend on the properties
of the horizon like its electric and magnetic charge and
not on the configuration of the external matter. This
can be made more precise using the initial value problem
of the underlying partial differential equations. To solve
them, initial data needs to be provided at the horizon
and a null surfaceN intersecting it. The former describes
horizon properties whereas the latter the external matter
and fields. The flux is now supposed to be independent
of any initial data given on N . This implies then that
the matter and electromagnetic fields in the exterior can
be distributed arbitrarily without changing the magnetic
flux across the horizon.
In contrast to our previous work [11], we will allow
for more general situations, in addition to allowing for
a charge of the black hole. For example, we will allow
strings piercing the horizon as it is the case for the C-
metric [12], where the Meissner effect was already ob-
served for test fields [13]. Additionally, we will relax the
equilibrium condition further generalizing the notion of
isolated horizons to almost isolated horizons. Lastly, we
will not assume that the full Einstein equations hold but
rather only one of its projections to allow for modified
theories of gravity.
The paper is structured as follows. In Sec. II, we in-
troduce the notion of charged almost isolated horizons
as well as the constraint equations, which need to be
solved at the horizon. In Sec. III, we assume addition-
ally axial symmetry to solve the constraint equation ex-
plicitly. This shows that the electromagnetic flux across
the horizon depends only on horizon properties, which we
parametrize in terms of the electric and magnetic charge,
dipole and quadrupole moment of the almost isolated
horizon, for illustration. The results are summarized and
discussed in Sec. IV, where we also give the main theorem
1.
Throughout the paper, we use geometric units,
in which c = G = 1, and the metric signature
diag(+1,−1,−1,−1). Moreover, we use the abstract in-
dex notation, cf. [14]. By some abuse of notation, we use
the same alphabet for the abstract indices of quantities
regardless of the manifolds, on which they are defined.
II. BLACK HOLES IN EQUILIBRIUM
In our previous proof [11], the black holes in equilib-
rium were modeled by weakly isolated horizons, cf. [15].
In order to shed some light on the origin of the Meissner
effect, we will carefully spell out all assumptions, which
are necessary for our proof. This allows for some gen-
eralizations of the notion of weakly isolated horizons in-
cluding the possibility that it is pierced by strings, i.e.,
conical singularities. Thus, we give here a detailed defini-
tion of these generalized weakly isolated horizons, where
we indicate deviations from the standard formalism.
Additionally, we will relax the notion of stationarity
used in [11], which implied essentially that all quantities
on the horizon are time-independent. Here, we require
this only for the shear of the ingoing null congruence as
well as one component of the electromagnetic field. This
makes the black not anymore an isolated horizon but –
what we call – an almost isolated horizon, cf. Def. 3.
A. Non-expanding horizons
Let M be a manifold equipped with a metric gab and
a connection ∇a, which is compatible with gab. First, we
introduce the notion of non-expanding horizons similar
to [15] in order to describe black holes in equilibrium:
Definition 1 A non-expanding horizon H ⊂M is a null
hypersurface with the topology K×R, where K is a com-
pact 2-dimensional manifold such that every normal ℓa
has vanishing expansion and the Ricci tensor Rab satis-
fies the following energy condition:
Rab ℓ
b is a causal and future-pointing vector. (1)
In [15], the manifold K was assumed to be a topo-
logical 2-sphere, which is indeed the most typical case.
In the present work, though, we allow topological de-
fects as we discuss in Sec. III A. Moreover, it is known
that black holes distorted by external matter can even
have the topology of a torus [16]. In order to include
these cases in the formalism, we keep K general for the
moment, although we will exclude the tori later. The
topological defects or the choice of K does not affect the
subsequent discussion.
Moreover, the condition (1) was defined in terms of
the energy-momentum tensor in [15]. In order to keep
the proof as general as possible, we do not impose the
full Einstein equations but only their projection onto the
normal ℓa restricted to the horizon:
Φ00 =˙ φ0 φ¯0, (2)
see Appendix A for the standard notation of the
Newman-Penrose (NP) formalism. We use the relation =˙
to indicate equality of two quantities on the horizon H.
For Einstein’s theory, the condition (1) is equivalent to
the standard definition using the energy-momentum ten-
sor but the form (1) is applicable without assuming spe-
cific field equations. Note that Eq. (2) does not exclude
the presence of other types of matter TMab , we merely ex-
clude the flux of this matter through the horizon. Addi-
tionally, it is included that Einstein’s equations are mod-
ified provided that Eq. (2) still holds.
The normal ℓa in Def. 1 is unique up to a scaling by an
arbitrary function. Let us choose any such normal and
complete it to a NP null tetrad (ℓa, na,ma, m¯a). Since ℓa
is by definition hypersurface orthogonal on H, it satisfies
[14]
ℓ[a∇bℓc] =˙ 0. (3)
3Projecting this equation onto the aforementioned null
tetrad, we get two conditions,
κ =˙ 0, ̺ =˙ ¯̺. (4)
The former condition shows that ℓa is geodesic while the
latter states that ℓa is twist-free. Notice that the con-
ditions (4) are independent of the choice of na, ma and
m¯a. The expansion of the geodesic congruence ℓa is then
given by the real part of the spin coefficient ̺ and by Def.
1 vanishes on the horizon. Hence, together with Eq. (4),
we have
̺ =˙ 0. (5)
The Ricci identity (A7a) then implies
|σ|2 +Φ00 =˙ 0. (6)
Using the definition (A5) and the energy condition (1),
we find
σ =˙ 0, Φ00 =˙ 0. (7)
Vanishing of σ means that ℓa is shear-free. Using Eq. (2),
the second condition implies
φ0 =˙ 0. (8)
This is the only place where the specific relation between
the Ricci tensor and the matter enter our considerations.
Now, the Ricci identity (A7b) together with (4) and
(7) gives
Ψ0 =˙ 0. (9)
As discussed in [15], the energy condition (1) implies also
Φ01 =˙ Φ02 =˙ 0; (10)
consequently,
Ψ1 =˙ 0 (11)
by the Ricci identity (A7p).
B. Bondi-like tetrad and coordinates
The NP tetrad was arbitrary except for the fact that ℓa
was chosen normal to the horizon. Subsequently, we fix
some of the gauge freedom in its choice and introduce co-
ordinates following [17]. As mentioned above, the scaling
of ℓa is free. We introduce equivalence classes [ℓa] as the
sets of normals, which differ only by a constant rescaling.
We fix a specific equivalence class by the condition
(£ℓDaℓb)⋆ =˙ 0, (12)
where £ℓ is the Lie derivative along ℓ
a and Da is the
intrinsic connection on H defined by XaDa =˙Xa∇a for
anyXa tangent toH. Finally, the ⋆ denotes the pull-back
of the expression to the horizon so that (ℓa)
⋆ =˙ 0. The
condition (12) is used in [15] to define weakly isolated
horizons:
Definition 2 A weakly isolated horizon is a pair
(H, [ℓa]), where H is a non-expanding horizon in the
sense of Def. 1 and any element of [ℓa] satisfies the con-
dition (12).
Eq. (12) implies the zeroth law of black hole thermo-
dynamics. Notice that this is merely a gauge fixing and
does not restrict the geometry. However, in [15], in the
case of axially symmetric horizons, the geometry was re-
stricted by requiring elementary flatness, as we discuss
in Sec. III A.
We define the coordinate v up to an arbitrary constant
by setting (cf. (A2))
Dv =˙ 1. (13)
The slices of H of constant v will be denoted by Kv and
we fix the integration constant by choosing an arbitrary
slice K0, where we set v = 0. The v-dependence of the
NP scalars describes their evolution along the horizon.
Thus, we will refer to v as the time coordinate, although
strictly speaking it is the advanced time and, hence, a
null coordinate.
Next, we introduce arbitrary coordinates xI , I = 2, 3
on K0 and propagate them along H by
£ℓx
I =˙ 0. (14)
The specific choice of the coordinates xI will be made
later and depends on the topology of K0.
Since the vectors ma and m¯a have not been specified
so far, we first require that they are tangent to H. Then,
we can perform a spin transformation (A13) with the
parameter
χ =˙
i
2
v∫
0
(ε− ε¯) dv (15)
so that after the transformation the spin coefficient ε is
real on the horizon,
ε =˙ ε¯. (16)
Together with the Eqs. (5) and (7), which are not affected
by the spin, the condition (16) implies that ma is Lie
dragged along the horizon,
£ℓm
a =˙ 0. (17)
There is still a gauge freedom in the choice of ma on
the initial slice K0. At this stage, we merely require that
ma is tangent to it so that m =˙ ξI(xJ ) ∂I for some ξ
I .
A specific choice will be made later and depends again
on the topology of K0. Since we have fixed the triad
(ℓa,ma, m¯a) on the horizon by the conditions above, we
have also fixed the remaining vector of the null tetrad na
on H.
In order to propagate the coordinates (v, x2, x3) and
the null tetrad (ℓa, na,ma, m¯a) off the horizon, we extend
na geodesically by requiring (cf. (A2))
∆na = 0. (18)
4Afterwards, we propagate the remaining vectors along
na, i.e.
∆ℓa = ∆ma = 0. (19)
The NP definitions (A1) then imply
γ = τ = ν = 0 (20)
in a sufficiently small neighborhood of the horizon.
We denote the affine parameter of na by r and set r=˙0.
Finally, we propagate the coordinates off the horizon by
∆v = ∆xI = 0. (21)
In this way, we obtain a Bondi-like coordinate system
xµ = (v, r, x2, x3) and a Bondi-like tetrad of the form
ℓ = ∂v + U ∂r +X
I ∂I , (22a)
n = −∂r, m = Ω ∂r + ξI ∂I (22b)
in a sufficiently small neighborhood of H. By construc-
tion, we have
U =˙XI =˙ Ω =˙ 0. (23)
In addition, applying the commutators (A3a) and
(A3d) to the coordinate v yields
π = α+ β¯, µ = µ¯. (24)
The latter condition implies that na is a non-twisting,
hypersurface orthogonal congruence. For an explicit con-
struction of the Bondi-like tetrad in the Kerr-Newman
spacetime, see [18].
To conclude this section, let us enumerate the conse-
quences of condition (12), which was employed in order
to fix the null normal ℓa up to rescaling by a constant
factor. In the NP formalism, Eq. (12) is equivalent to
Dπ =˙Dε =˙ 0. (25)
Combining the Ricci identities (A7d) and (A7e) with Eq.
(24), we find
Dα =˙Dβ =˙ δε =˙ 0. (26)
Since ε is real in the gauge introduced above, the last
equation together with (25) in fact implies that ε is con-
stant throughout the horizon. The quantity κ(ℓ) =˙ 2 ε
measures the acceleration of the normal ℓa and, thus, its
constancy is interpreted as the zeroth law of black hole
thermodynamics. The value of the constant κ(ℓ) depends
on the scaling of ℓa. Still, the notion of extremal weakly
isolated horizons, i.e., κ(ℓ) = 0 is unambiguously defined.
In what follows, we will use the superscript (0) to in-
dicate the value of a quantity on the initial slice K0. For
example, the time-independence of π, Eq. (25), implies
that the value of π on H is
π =˙ π(0). (27)
C. Almost isolated horizon
As mentioned in Sec. II B, the choice (12) of ℓa is
merely a gauge fixing and can be made for any non-
expanding horizon. With this choice, ℓa is a Killing vec-
tor of the induced 3-dimensional degenerate metric on
H. However, ℓa is in general not a Killing vector of the
full 4-dimensional metric. In particular, even the con-
nection Da is not necessarily time-independent, since the
spin coefficients µ and λ can depend on v.
Imposing that the full connection Da is time-
independent,
[£ℓ,Da] =˙ 0, (28)
one arrives at the notion of isolated horizon [15]. Un-
like the condition for weakly isolated horizon (12), the
assumption (28) is a restriction of the spacetime geome-
try and is equivalent to the requirement that ℓa satisfies
the 4-dimensional Killing equation up to the second or-
der in the coordinate r. In effect, Eq. (28) makes λ and
µ time-independent.
In [11], we assumed the presence of a stationary Killing
vector, which amounts to the requirement that the hori-
zon under consideration is, in fact, isolated in this strong
sense. In the present work, we relax this assumption by
allowing one component of the connection to be time de-
pendent and it is instructive to see what is the related
physical effect allowed by this weaker assumption.
For Einstein-Maxwell spacetimes, the scalar curvature
Λ = 0 and the Bianchi identity (A8b) can be used to
deduce DΨ2 =˙ 0. The Ricci identity (A7h) can be solved
yielding
µ =˙ µ(0) e−κ(ℓ) v
+
1
κ(ℓ)
(
ðπ(0) + |π(0)|2 +Ψ(0)2
) (
1− e−κ(ℓ) v) . (29)
In the extremal limit, i.e. vanishing surface gravity κ(ℓ),
this solution simplifies to
µ =˙ µ(0) + v
(
ðπ(0) + |π(0)|2 +Ψ(0)2
)
. (30)
Recall that µ, which is real for the Bondi-like tetrad, rep-
resents the expansion of the (future pointing) congruence
na. Clearly, the expression (30) changes the sign once as
v varies from −∞ to ∞. In other words, the horizon
is not a trapped surface over the full range of v. This
might also happen in the non-extremal case but not nec-
essarily. Setting Dµ =˙ 0 prevents this behavior. For our
proof of the Meissner effect, however, it is not necessary
to impose this condition and therefore we shall not do
so. Thus, the Meissner effect will hold even if H is not a
trapped surface.
Solving the Ricci identity (A7g), one finds
λ =˙ λ(0) e−κ(ℓ) v +
1
κ(ℓ)
(
ð¯π(0) + (π(0))2
) (
1− e−κ(ℓ) v) ,
(31)
5where ð is defined by (A15) and π(0) has the spin weight
−1. At this point, we require that λ is time-independent
on the horizon, which implies the first constraint we need
for the proof of the Meissner effect, namely
ð¯π(0) + (π(0))2 = κ(ℓ) λ
(0). (32)
As explained above, this is a weaker condition than (28).
To summarize the previous points:
Definition 3 An almost isolated horizon (H, [ℓa], na) is
a weakly isolated horizon (H, [ℓa]) in the sense of Def. 2,
additionally equipped with a future pointing null congru-
ence na, which emanates from the horizon and satisfies:
• there exists an ℓa ∈ [ℓa] such that ℓa na =˙ 1;
• na∇anb =˙ 0;
• the congruence na is non-twisting;
• the shear of na is constant along ℓa.
Let us stress that among the conditions listed in the
Def. 3 only the last one is constraining the geometry, the
others are gauge, as discussed above.
D. Initial data
Inspecting the Ricci and the Bianchi identities, one can
identify the free data determining the geometry of the
spacetime including the near-horizon geometry. It turns
out that the initial data can be prescribed on two null
hypersurfaces. One is the horizon H and the other one
is the null hypersurface N intersecting H in the slice K0.
Due to the properties of non-expanding horizons, cf. Def.
1, all the data on H is, in fact, completely determined by
data on K0, although not necessarily time-independent.
In a Bondi-like tetrad, the constant κ(ℓ) and the functions
µ(0), λ(0), π(0), ξ(0)2, ξ(0)3 (33)
can be specified freely onK0 [17, 19], independently of the
matter model or Einstein’s equations. The Weyl scalar
Ψ4 on the other hand must be prescribed on the entire
null hypersurface N .
Let us impose a specific matter model, namely the elec-
tromagnetic field obeying the Maxwell equations (A10a)–
(A10b) with electric and magnetic sources, which are
only two of the four Maxwell equations (A10). As dis-
cussed above, we do not allow for any flux of matter
across the horizon, which implies that the transversal
component of the current must vanish, Ja ℓa =˙ 0. Hence,
the current Ja must be tangent to the horizon, which,
however, implies luminal motion for the carriers of the
charge. Even though such a situation seems unphysical,
we still allow the current in the direction of ℓa on H in
the spirit of being as general as possible.
Under these assumptions, the electromagnetic field is
determined by the value of φ
(0)
1 on K0 and by φ2 on N .
The sole non-vanishing component Jana of the current
on the horizon can be prescribed arbitrarily on H. Addi-
tionally, the current J a can be prescribed arbitrarily on
N as long as it satisfies the continuity equation.
Finally, the scalar curvature Λ must be specified on
H ∪ N but imposing Einstein’s equations would reduce
this freedom. Note that we constrain the matter only by
requiring the energy condition (1).
E. The Electromagnetic field
So far, we have constrained the geometry of the hori-
zon. We will have to constrain the time-dependence of
the electromagnetic field on H as well. Although we do
not impose full Einstein equations as explained after Eq.
(2), we do impose the Maxwell equations (A10a) and
(A10b), which contain only derivatives tangent to the
horizon. This does not mean that we treat the electro-
magnetic field as a test field. For example, φ
(0)
1 is part
of the free data on K0 and it affects the off-horizon ge-
ometry via the field equations one imposes, see, e.g. the
Bianchi identity (A8g).
The Eqs. (A10a) and (8) as well as the assumptions on
the current made in Sec. II D imply
Dφ1 =˙ 0. (34)
In order to make the electromagnetic field time-
independent on the horizon, we have to assume addi-
tionally
Dφ2 =˙ 0. (35)
Then, the latter Maxwell equation implies
δ¯φ
(0)
1 + 2 π
(0) φ
(0)
1 = κ(ℓ) φ
(0)
2 (36)
on K0. In other words, the assumption that the elec-
tromagnetic field is stationary on the horizon makes φ
(0)
1
subject to the constraint (36) rather than free data.
III. THE MEISSNER EFFECT
After introducing all the aforementioned notions, we
can make the formulation of the Meissner effect more
precise. First, the Meissner effect is a property of the
magnetic flux across any part of the horizon H, which is
described by ℑφ1 at H and has to satisfy the constraint
(36). The Meissner effect states now that its solution is
independent of any free data, which describes exterior
fields and matter, i.e., of any free data given on N as
well as Λ and J a. As an additional ingredient for the
Meissner effect, we assume as it is normally done that the
horizon H is axially symmetric and the electromagnetic
field shares this symmetry. We detail its implications
subsequently.
6A. Axial symmetry
Until now, all our calculations were local and inde-
pendent of the topology and the geometry of the slices
Kv. Those will be specified now by assuming that K0 is
an axially symmetric 2-sphere with deficit angles at the
poles. The ordinary case of topological 2-spheres treated
by [15] is, of course, included by setting the deficit angles
to zero.
In the axially symmetric case, one can introduce a pre-
ferred orthogonal coordinate system1 xI = (ζ, φ) adapted
to the axial symmetry [21], in which the 2-metric reads2
q
(0)
IJ dx
I dxJ = − A
4π◦
(
f−1(ζ) dζ2 + f(ζ) dφ2
)
, (37)
where ζ ∈ [−1, 1], φ ∈ [0, 2π◦), and A is the area of the
slice K0. The Killing vector associated with the axial
symmetry is
ηa =
(
∂
∂φ
)a
(38)
and
f(ζ) = −4π◦
A
ηa η
a. (39)
The function f vanishes only at the north (south) pole
ζ = +1 (ζ = −1).
In [21], an additional geometric restriction is imposed,
namely that f ′(±1) = ∓2, where prime denotes the
derivative with respect to ζ. This amounts to assum-
ing elementary flatness at the poles [22]. In the present
work, we relax this assumption and allow for more gen-
eral spacetimes, where the horizon might be pierced by
struts. We parametrize the struts by introducing deficit
angles α± via
f ′(±1) = ∓
(
2 +
α±
π◦
)
. (40)
Nonetheless, the construction leading to the metric (37)
given in [21] is not affected by this generalization. The
presence of the deficit angles is also the reason why we
parametrize the metric (37) by the area A of K0 rather
than by the “radius” R =
√
A
4π◦
as in [21]. For later
reference, let us denote suchK0 by the symbol Sα+α− . Since
ℓa is a Killing vector of the metric on H, the topology of
the slices Kv cannot change in time.
In these coordinates, a convenient choice of the null
vector tangent to K0 is
ma =
√
2π◦
A
(√
f
(
∂
∂ζ
)a
+
i√
f
(
∂
∂φ
)a)
. (41)
1 Notice that the construction is similar to the construction of
canonical Weyl coordinates, see, e.g., [20].
2 Here we denote the usual real constant pi by pi◦ in order to avoid
confusion with the spin coefficient pi.
The intrinsic connection on K0 is then fully characterized
by the spin coefficient
a(0) = α(0) − β¯(0) = maδ¯m¯a = −
√
π◦
2Af
f ′. (42)
B. Constraints
With the restrictions introduced above, we found that
the quantities φ
(0)
1 and π
(0) are constrained by Eqs. (36)
and (32). In the extremal case κ(ℓ) = 0, they simplify to
ð¯π(0) + (π(0))2 = 0, (43a)
δ¯φ
(0)
1 + 2 π
(0) φ
(0)
1 = 0. (43b)
Using the coordinates introduced in Sec. III A, these
equations read
(π(0))′ − 1
2 f
π(0) f ′ +
√
A
2 π◦ f
(π(0))2 = 0, (44a)
(φ
(0)
1 )
′ +
√
2A
π◦ f
π(0) φ
(0)
1 = 0. (44b)
Solving the equation for π(0), we find
π(0) =
√
2 π◦
A
√
f
cπ + ζ
, (45)
where cπ is a complex integration constant. We discuss
its possible values below. The solution for φ
(0)
1 is then
φ
(0)
1 =
cφ
(cπ + ζ)2
, (46)
where cφ is again a complex integration constant.
Inspection of the Ricci and the Bianchi identities shows
that the integration constants cφ and cπ are not con-
strained. We will show explicitly that they can be ex-
pressed in terms of properties of the black hole, e.g. its
charge Q0, and do neither depend on the data on N nor
on Λ and Ja.
Interestingly, the electromagnetic flux density φ
(0)
1
given in Eq. (46) is additionally independent of the con-
crete geometry of K0 namely the function f , which is
constrained further under our assumptions. Thus, the
horizon geometry is not unique but the electromagnetic
flux density depends only on the four real constants en-
coded in cφ and cπ for any geometry on K0.
The electric and magnetic charges QE and QM are
given by
Q0 ≡ QE + i QM =
∮
K0
φ
(0)
1 dS, (47)
where the area element of the metric (37) is
dS =
A
4π◦
dζ ∧ dφ. (48)
7Integration yields
Q0 = Acφ
c2π − 1
(49)
so that the value of the complex constant cφ is fixed by
the value of the charge Q0 via
cφ =
Q0
A
(c2π − 1). (50)
Eq. (49) shows that cπ 6= ±1 in order to have a well-
defined charge. For cπ ∈ (−1,−1), the integral Eq. (47)
needs to be interpreted as principal value. If we demand
that the flux across any part of K0 be well-defined, we
have to assume cπ /∈ [−1, 1].
In the case of uncharged black holes, Q0 = 0, Eq. (50)
immediately implies cφ = 0 and, therefore, φ
(0)
1 = 0 by
Eq. (46). In this case, thus, the Meissner effect states
that both electric and magnetic field lines are expelled
from the extremal horizon, as the flux of the field van-
ishes identically. If, on the other hand, the black hole is
charged, there is a non-vanishing flux of the field across
the horizon. Then, the statement of the Meissner effect
is that this flux is only due to the properties of the black
hole and it is not affected by the configuration of the
matter outside the horizon. Clearly, the charge Q0 fixes
the integration constant cφ via Eq. (50) but the integra-
tion constant cπ, which affects the flux in the charged
case, is still not determined. However, this constant is
fixed completely by quantities given on the horizon. In
order to show this explicitly, we consider the electromag-
netic multipole moments associated with the horizon in
the sense of [21].
Although the multipole moments introduced in [21]
are defined for K0 being a topological 2-sphere, it is
straightforward to see that the definition is applicable
for our case K0 ∼= Sα+α− as well. Note that in [21], they
parametrize the metric (37) by the function f and the
“radius” R2 = A4π◦ although the latter does not have
direct geometrical meaning of a radius, as the authors
also point out. In our treatment, the area A and the
deficit angles α± are independent parameters of the 2-
metric q
(0)
ab . With this, the definition of the spherical
harmonics, including the normalization and orthogonal-
ity, remains unaffected. Additionally, the coordinate ζ is
still invariantly defined.
The higher complex electromagnetic moments are de-
fined, in analogy with their flat spacetime versions, by
(see3 [21])
Qn =
√
4π◦
2n+ 1
(
A
4π◦
)n
2
∮
K0
φ
(0)
1 Yn,0 dS. (51)
3 In our conventions of units, the multipole moments are defined
with an additional factor 4pi◦.
For convenience, we define the multipoles as complex
quantities but, in fact, the quasi-locally defined electric
and magnetic multipoles are given by the real and imag-
inary parts of Qn, respectively. The spherical harmonics
are defined by
Yn,0 = Pn(ζ), (52)
where Pn are standard Legendre polynomials of the first
kind. These moments do not, in general, coincide with
the asymptotic multipole moments even in the case when
there is no exterior matter as was shown in [21] for the
quasi-local gravitational multipole moments.
Calculating the electromagnetic dipole and quadrupole
moments, we find
Q1 = −Q0
√
A
4 π◦
(
cπ +
1
2
(c2π − 1) log
cπ − 1
cπ + 1
)
, (53a)
Q2 = Q0 A
4 π◦
(
3 c2π − 2 +
3
2
cπ(c
2
π − 1) log
cπ − 1
cπ + 1
)
.
(53b)
Although these quantities are formally complex, they
originate from real integrals and, thus, the last terms
must be interpreted as the principal values of the com-
plex logarithms.
In principle, only one of the momentsQ1 andQ2 would
suffice to express cπ but in order to to this explicitly, we
use an appropriate combination of the two moments so
that cπ turns out to be
cπ = − 2
3Q1
√
A
4 π◦
(
Q0 + 2 π◦Q2
A
)
. (54)
As we argued above, the constant cπ is not constrained
by any data determining the exterior geometry and mat-
ter. Eq. (54) now shows that it can be in fact related
to the electromagnetic dipole and quadrupole moments,
therefore, it describes the intrinsic properties of the al-
most isolated horizon.
IV. DISCUSSION
The purpose of the present paper was twofold. First,
we showed that the Meissner effect is an inherent prop-
erty of generic black holes including distorted ones and
black holes in a broader class of theories of gravity than
general relativity. Second, we elucidated all the assump-
tions necessary to prove the Meissner effect, which might
serve as a starting point of understanding its physical
origin. Because of the former, we employ the notion of
weakly isolated horizon. Since the Meissner effect re-
quires certain degree of time independence of the hori-
zon geometry, we introduced the notion of almost isolated
horizons, Def. 3, that generalizes the concept of isolated
horizons. This enabled us to prove the following theorem:
8Theorem 1 Let (H, [ℓa], na) be an axially symmet-
ric, extremal, almost isolated horizon with the topol-
ogy H ∼= R × Sα+α− equipped with a Bondi-like tetrad
(ℓa, na,ma, m¯a). Let the projection (2) of Einstein’s
equations and Maxwell equations (A10a) and (A10b) be
satisfied with the current J a proportional to ℓa. In ad-
dition, let φ2 be constant along ℓ
a on H and let φ1 share
the axial symmetry of the metric. Then the electric and
magnetic flux density φ
(0)
1 does not depend on the exte-
rior matter described by the initial data given on N , the
non-vanishing component of the current Ja and on the
scalar curvature Λ.
Let us briefly discuss this theorem. The physical inter-
pretation of the topology Sα+α− of the slices of the horizon
is that the horizon might be pierced by struts produc-
ing topological defects at the poles. An example is the
C-metric [12], which describes black holes accelerated by
the tension of the struts. Moreover, the treatment in [13]
shows that in the C-metric electromagnetic test fields
can exhibit the Meissner effect. This result is included
here. But we go also beyond that by generalizing it to the
strong field regime and by allowing possible deformations
of the black hole due to external matter.
The time independence of φ2 on the horizon assumed in
the theorem would be always satisfied if the electromag-
netic field was stationary. This is to be expected by the
analogy with the classical Meissner effect for supercon-
ductors, where the magnetic field needs to be stationary
with respect to the superconductor.
We stress that the choice of the Bondi-like tetrad in-
cluded in the theorem is just a choice of the gauge and
does not constrain the geometry, cf. Sec. II B. In this
tetrad, φ
(0)
1 can be regarded as the flux of the electro-
magnetic field across the horizon. Note that the theorem
includes the Meissner effect for the electric and magnetic
fields simultaneously. This does not come as a surprise
since the field equations are symmetric with regard to
electric and magnetic fields and the (non-)existence of
electric or magnetic charges is not required.
Finally, we have shown that the electromagnetic flux
density φ
(0)
1 is determined solely by five intrinsic proper-
ties of the black hole, namely by the area, electric and
magnetic charges and dipole moments. Hence, the mat-
ter outside the black hole, which is described by the data
on N , the scalar curvature and the electromagnetic cur-
rents, does not affect φ
(0)
1 . That is the essence of the
Meissner effect.
Additionally, we have found that φ
(0)
1 is independent of
the metric on K0, cf. (46), and proportional to the total
charge. As a consequence, we get the following theorem,
which generalizes our previous results [11] even in the
case of uncharged black hole.
Theorem 2 Under the assumptions of Theorem 1, the
electric and magnetic flux density φ1 vanishes if the al-
most isolated horizon is uncharged.
To conclude the paper, we discuss an open question
regarding the necessity of axial symmetry raised already
in [5]. Our proof suggests that the stationarity (or at
least the parts of the stationarity, we impose) is a crucial
assumption and cannot be further relaxed. On the other
hand, we impose the axial symmetry mainly in order to
obtain the explicit solution of the constraint equations.
It seems feasible that this assumption can be relaxed en-
tirely, which will be a subject of future investigations.
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Appendix A: Newman-Penrose formalism
In this appendix, we review the definitions and equa-
tions of the Newman-Penrose (NP) formalism relevant
for our discussion. We follow the conventions of [23–25]
and we refer the reader to these publications for the full
treatment of the NP formalism.
The null tetrad consists of four null vectors ℓa, na,ma
and m¯a normalized by the conditions ℓana = −mam¯a =
1, while all remaining contractions vanish. The spin co-
efficients, which encode the connection, are given by the
relations
κ = maDℓa, τ = m
a∆ℓa, σ = m
aδℓa, (A1a)
ρ = maδ¯ℓa, π = n
aDm¯a, ν = n
a∆m¯a, (A1b)
λ = naδ¯m¯a, µ = n
aδm¯a, (A1c)
ε =
1
2
[naDℓa − m¯aDma] , β = 1
2
[naδℓa − m¯aδma] ,
(A1d)
γ =
1
2
[na∆ℓa − m¯a∆ma] , α = 1
2
[
naδ¯ℓa − m¯aδ¯ma
]
,
(A1e)
where
D = ℓa∇a, ∆ = na∇a, δ = ma∇a, δ¯ = m¯a∇a.
(A2)
Acting on scalars, the operators D,∆, δ obey the com-
9mutation relations:
[D, δ] = (π¯ − α¯− β)D − κ∆+ (ρ¯− ε¯+ ε)δ + σδ¯,
(A3a)
[∆, D] = (γ + γ¯)D + (ε+ ε¯)∆− (τ¯ + π)δ − (τ + π¯)δ¯,
(A3b)
[∆, δ] = ν¯D + (α¯+ β − τ)∆ + (γ − γ¯ − µ)δ − λ¯δ¯,
(A3c)
[δ, δ¯] = (µ− µ¯)D + (ρ− ρ¯)∆ + (α¯− β)δ¯ − (α− β¯)δ.
(A3d)
The Weyl part of the Riemann tensor is encoded in the
Weyl scalars
Ψ0 = Cabcdℓ
ambℓcmd, Ψ1 = Cabcdℓ
anbℓcmd, (A4a)
Ψ2 = Cabcdℓ
ambm¯cnd, Ψ3 = Cabcdℓ
anbm¯cnd, (A4b)
Ψ4 = Cabcdm¯
anbm¯cnd, (A4c)
where Cabcd is the Weyl tensor. The trace-free part of
the Ricci tensor is given by the Ricci scalars
Φ00 = −1
2
Rabℓ
aℓb, Φ01 = −1
2
Rabℓ
amb, (A5a)
Φ02 = −1
2
Rabm
amb, Φ12 = −1
2
Rabn
amb, (A5b)
Φ11 = −1
4
Rab
(
ℓanb +mam¯b
)
, (A5c)
Φ22 = −1
2
Rabn
anb, (A5d)
Finally, we introduce the symbol
Λ =
1
24
R, (A6)
where R is the scalar curvature. These NP components
of the Riemann tensor are governed by the Ricci and
Bianchi identities:
Dρ− δ¯κ = ρ2 + (ǫ+ ǫ¯) ρ− κ (3α+ β¯ − π)− τκ¯+ σσ¯ +Φ00, (A7a)
Dσ − δκ = (ρ+ ρ¯+ 3ε− ε¯)σ − (τ − π¯ + α¯+ 3β)κ+Ψ0, (A7b)
Dτ −∆κ = ρ(τ + π¯) + σ(τ¯ + π) + (ε− ε¯)τ − (3γ + γ¯)κ+Ψ1 +Φ01, (A7c)
Dα− δ¯ε = (ρ+ ε¯− 2ε)α+ βσ¯ − β¯ε− κλ− κ¯γ + (ε+ ρ)π +Φ10, (A7d)
Dβ − δε = (α+ π)σ + (ρ¯− ε¯)β − (µ+ γ)κ− (α¯ − π¯)ε+Ψ1, (A7e)
Dγ −∆ε = (τ + π¯)α+ (τ¯ + π)β − (ε+ ε¯)γ − (γ + γ¯)ε+ τπ − νκ+Ψ2 − Λ + Φ11, (A7f)
Dλ− δ¯π = (ρ− 3ε+ ε¯)λ + σ¯µ+ (π + α− β¯)π − νκ¯+Φ20, (A7g)
Dµ− δπ = (ρ¯− ε− ε¯)µ+ σλ+ (π¯ − α¯+ β)π − νκ+Ψ2 + 2Λ, (A7h)
Dν −∆π = (π + τ¯ )µ+ (π¯ + τ)λ + (γ − γ¯)π − (3ε+ ε¯)ν + Ψ3 +Φ21, (A7i)
∆λ− δ¯ν = −(µ+ µ¯+ 3γ − γ¯)λ+ (3α+ β¯ + π − τ¯)ν −Ψ4, (A7j)
∆µ− δν = −(µ+ γ + γ¯)µ− λλ¯+ ν¯π + (α¯ + 3β − τ)ν − Φ22, (A7k)
∆β − δγ = (α¯+ β − τ)γ − µτ + σν + εν¯ + (γ − γ¯ − µ)β − αλ¯− Φ12, (A7l)
∆σ − δτ = −(µ− 3γ + γ¯)σ − λ¯ρ− (τ + β − α¯)τ + κν¯ − Φ02, (A7m)
∆ρ− δ¯τ = (γ + γ¯ − µ¯)ρ− σλ + (β¯ − α− τ¯)τ + νκ−Ψ2 − 2Λ, (A7n)
∆α− δ¯γ = (ρ+ ε)ν − (τ + β)λ + (γ¯ − µ¯)α+ (β¯ − τ¯ )γ −Ψ3, (A7o)
δρ− δ¯σ = (α¯+ β)ρ− (3α− β¯)σ + (ρ− ρ¯)τ + (µ− µ¯)κ−Ψ1 +Φ01, (A7p)
δα− δ¯β = µρ− λσ + αα¯+ ββ¯ − 2αβ + (ρ− ρ¯)γ + (µ− µ¯)ε−Ψ2 + Λ+ Φ11, (A7q)
δλ− δ¯µ = (ρ− ρ¯)ν + (µ− µ¯)π + (α+ β¯)µ+ (α¯− 3β)λ−Ψ3 +Φ21, (A7r)
DΨ1 − δ¯Ψ0 −DΦ01 + δΦ00 = (π − 4α)Ψ0 + 2(2ρ+ ε)Ψ1 − 3κΨ2 + 2κΦ11 − (π¯ − 2α¯− 2β)Φ00
− 2σΦ10 − 2(ρ¯+ ε)Φ01 + κ¯Φ02, (A8a)
DΨ2 − δ¯Ψ1 +∆Φ00 − δ¯Φ01 + 2DΛ = −λΨ0 + 2(π − α)Ψ1 + 3ρΨ2 − 2κΨ3 + 2ρΦ11 + σ¯Φ02
+ (2γ + 2γ¯ − µ¯)Φ00 − 2(α+ τ¯ )Φ01 − 2τΦ10, (A8b)
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DΨ3 − δ¯Ψ2 −DΦ21 + δΦ20 − 2δ¯Λ = −2λΨ1 + 3πΨ2 + 2(ρ− ε)Ψ3 − κΨ4 + 2µΦ10 − 2πΦ11
− (2β + π¯ − 2α¯)Φ20 − 2(ρ¯− ε)Φ21 + κ¯Φ22, (A8c)
DΨ4 − δ¯Ψ3 +∆Φ20 − δ¯Φ21 = −3λΨ2 + 2(α+ 2π)Ψ3 + (ρ− 4ε)Ψ4 + 2νΦ10 − 2λΦ11
− (2γ − 2γ¯ + µ¯)Φ20 − 2(τ¯ − α)Φ21 + σ¯Φ22, (A8d)
∆Ψ0 − δΨ1 +DΦ02 − δΦ01 = (4γ − µ)Ψ0 − 2(2τ + β)Ψ1 + 3σΨ2
+ (ρ¯+ 2ε− 2ε¯)Φ02 + 2σΦ11 − 2κΦ12 − λ¯Φ00 + 2(π¯ − β)Φ01, (A8e)
∆Ψ1 − δΨ2 −∆Φ01 + δ¯Φ02 − 2δΛ = νΨ0 + 2(γ − µ)Ψ1 − 3τΨ2 + 2σΨ3
− ν¯Φ00 + 2(µ¯− γ)Φ01 + (2α+ τ¯ − 2β¯)Φ02 + 2τΦ11 − 2ρΦ12, (A8f)
∆Ψ2 − δΨ3 +DΦ22 − δΦ21 + 2∆Λ = 2νΨ1 − 3µΨ2 + 2(β − τ)Ψ3 + σΨ4
− 2µΦ11 − λ¯Φ20 + 2πΦ12 + 2(β + π¯)Φ21 + (ρ¯− 2ε− 2ε¯)Φ22, (A8g)
∆Ψ3 − δΨ4 −∆Φ21 + δ¯Φ22 = 3νΨ2 − 2(γ + 2µ)Ψ3 + (4β − τ)Ψ4 − 2νΦ11
− ν¯Φ20 + 2λΦ12 + 2(γ + µ¯)Φ21 + (τ¯ − 2β¯ − 2α)Φ22, (A8h)
DΦ11 − δΦ10 +∆Φ00 − δ¯Φ01 + 3DΛ = (2γ + 2γ¯ − µ− µ¯)Φ00 + (π − 2α− 2τ¯)Φ01
+ (π¯ − 2α¯− 2τ)Φ10 + 2(ρ+ ρ¯)Φ11 + σ¯Φ02 + σΦ20 − κ¯Φ12 − κΦ21, (A8i)
DΦ12 − δΦ11 +∆Φ01 − δ¯Φ02 + 3δΛ = (2γ − µ− 2µ¯)Φ01 + ν¯Φ00 − λ¯Φ10
+ 2(π¯ − τ)Φ11 + (π + 2β¯ − 2α− τ¯ )Φ02 + (2ρ+ ρ¯− 2ε¯)Φ12 + σΦ21 − κΦ22, (A8j)
DΦ22 − δΦ21 +∆Φ11 − δ¯Φ12 + 3∆Λ = νΦ01 + ν¯Φ10 − 2(µ+ µ¯)Φ11 − λΦ02 − λ¯Φ20
+ (2π − τ¯ + 2β¯)Φ12 + (2β − τ + 2π¯)Φ21 + (ρ+ ρ¯− 2ε− 2ε¯)Φ22. (A8k)
The NP components of the electromagnetic tensor Fab
are defined by
φ0 = Fabℓ
amb, φ2 = Fabm¯
anb, (A9a)
φ1 =
1
2
Fab
[
ℓanb −mam¯b] (A9b)
so that the Maxwell equations read
Dφ1 − δ¯φ0 = (π − 2α)φ0 + 2ρφ1 − κφ2 − Ja ℓa,
(A10a)
Dφ2 − δ¯φ1 = −λφ0 + 2πφ1 + (ρ− 2ε)φ2 − Ja m¯a,
(A10b)
∆φ0 − δφ1 = (2γ − µ)φ0 − 2τφ1 + σφ2 + Jama,
(A10c)
∆φ1 − δφ2 = νφ0 − 2µφ1 + (2β − τ)φ2 + Ja na,
(A10d)
where
Ja = 1
2
(
jEa + i j
M
a
)
(A11)
and jEa and j
M
a are the electric and magnetic currents,
respectively. The Ricci tensor in the Einstein-Maxwell
spacetime is given by
Φmn = φm φ¯n; (A12)
these are Einstein’s equations for electrovacuum space-
time.
By the spin transformation in the space-like plane
spanned byma and m¯a with a real parameter χ, we mean
the transformation
ℓˆa 7→ ℓa, nˆa 7→ na, mˆa 7→ e2 i χma, (A13)
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under which the spin coefficient ε transforms as
ε 7→ ε+ iDχ. (A14)
The quantity η is said to have a spin weight s if it trans-
forms like η 7→ e2 i s χη under the spin. The associated
spin raising/lowering operators ð and ð¯ are defined by
[24, 26]
ðη = δη + s (α¯− β) η, ð¯η = δ¯η − s (α− β¯) η. (A15)
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